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£> ■ Abstract 

in 

We consider intersecting brane solutions of the type IIB matrix model. It is shown that 
fermionic zero-modes arise on such backgrounds, localized at the brane intersections. They 
lead to chiral fermions in four dimensions under certain conditions. Such configurations 
reproduce many of the welcome features in similar string-theoretic constructions. Therefore 
they can be used to construct semi-realistic particle physics models in the framework of 
Yang-Mills matrix models. In particular, we present a brane configuration which realizes 
the correct chiral spectrum of the standard model in the matrix model. Furthermore, the 
5_i ■ stability of intersecting branes is discussed by analyzing the 1-loop effective action. It is 



shown that intersecting branes may form a bound state for certain flux configurations. 
The four- dimensional geometry of the branes is generic, and determined by the (emergent) 
gravity sector of the matrix model. 
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1 Introduction 

A long-standing problem in modern theoretical physics is to achieve a description of nature 
at the Planck scale, where quantum mechanics and gravity both become important. At 
this fundamental level, frameworks such as string theory and non-commutative geometry 
have provided numerous ideas and hints. On the other hand, our knowledge about the 
natural world to date resides in effective theories, such as the Standard Model (SM), which 
can be tested in accelerators. However, there is no convincing link up to now bridging 
fundamental and effective theories. 

Matrix Models (MM) offer a framework where both profound conceptual problems 
as well as questions about low-energy physics may be addressed. Indeed, the MMs 
introduced by Banks-Fischler-Shenker-Susskind (BFSS) and Ishibashi-Kawai-Kitazawa- 
Tsuchiya (IKKT) are supposed to provide a non-perturbative definition of M theory and 
type IIB string theory respectively [U[2]. The latter MM may be also interpreted as a non- 
perturbative formulation of Supersymmetric Yang-Mills (SYM) theory on non-commutative 



four- dimensional space, realized as the Moyal-Weyl quantum plane Rg embedded in am- 
bient R 10 . However, such MMs are much richer than the four- dimensional gauge theory; 
in particular, the geometry is dynamical, and the gauge theory is automatically coupled 
to ( "emergent" ) gravity. Since we consider that the gauge theory lives on a brane embed- 
ded in R 10 , its effective geometry is governed (to a large extent) by the embedding of the 
brane. These geometrical degrees of freedom are dynamical and governed by the matrix 
model, leading to a gauge theory coupled to dynamical gravity. This effective or "emergent" 
gravity has been clarified and elaborated recently within the MM point of view [2111]. 

Apart from their fundamental significance, MMs are also useful laboratories for the 
study of structures which could be relevant from a low-energy point of view. Indeed, they 
generate a plethora of interesting solutions, corresponding to strings, D-branes and their 
interactions J2J[5HI], as well as to non-commutative/fuzzy spaces [5HT2"]. Such backgrounds 
naturally give rise to non-abelian gauge theories. Moreover, intersecting non-commutative 
D-brane solutions and their stability were studied in [I~3Tll8j 4 l . However, these works do 
not address any issues related to possible phenomenological applications. Some attempts 
to discuss model building in the MM framework were made in [20] (see also [21]), where an 
orbifold MM was considered, and more recently in [22] . In the latter, the SM particles were 
accommodated in the MM but it was not clear how a chiral spectrum can be achieved. 

From a string-theoretic point of view it is hard to underestimate the impact of D- 
brane model building in the quest for phenomenological applications of string theory. D- 
branes in type I and type II string theories provided from the beginning the possibility of 
a bottom- up approach to the string embedding of the SM [23TT25] . Moreover, the study of 
intersecting brane configurations, where chiral fermions can be localized [22], opened up 
even more possibilities for model building in the context of type II orientifolds (see [2"%H3~Tj 
and references therein). 

In the present paper we explore the possibility to describe realistic low-energy physics 
in the framework of MMs. Since certain aspects of this task have not been touched upon 
before, we shall develop the necessary formalism as needed. Section 2 contains a brief 
exposition of the necessary facts about the type IIB MM. In particular, the generic solutions 
of the model are identified and its relation to emergent gravity is discussed. 

In section 3 we present more general solutions of the MM, corresponding to multiple 
intersecting non-commutative brane backgrounds. We mainly focus on the case of flat 
branes and study in detail fermions in such backgrounds. Subsequently, explicit cases of 
brane configurations are considered and the zero-mode structure of the fermions on the 
brane intersections is determined. In particular, we study the cases of two D5 branes, one 
D5 and one D7 brane, two D7 branes and two D5 and one D7 brane. It is shown that 
chiral fermions can indeed be localized at the intersections. 

Having proven that chiral fermions can be accommodated in the MM, we proceed in 
section 4 to the description of brane configurations which can support the gauge group and 
the particle spectrum of the SM. Essentially a single such configuration is determined, based 
on four D7 branes appropriately embedded in R 10 and carrying appropriate fluxes on their 
compactified six- dimensional intersections. Moreover, we comment on the construction of 
other models, based on configurations of mutually intersecting D5 and D7 branes, which 
may provide additional features such as right-handed neutrinos. Finally, at the end of 



l See also [19]. 



the section we discuss some further issues related to the bosonic sector of the model, the 
Yukawa couplings and the anomalies. 

In section 5 we address the issue of the stability of the above configurations. Studying 
the 1-loop effective action of the MM, we argue that for certain flux configurations inter- 
secting branes may form a bound state and therefore do not collapse into coinciding branes. 
Section 6 contains our conclusions. Finally, in the appendix A we present in more detail 
some computations related to characters of representations of 5*0(10), which are used in 
section 5. Appendix B contains a discussion of a supersymmetry structure which arises on 
the brane intersections. 

2 The IKKT matrix model 

Definition of the model The IKKT or IIB matrix model was originally proposed in [2] 
as a non-perturbative definition of the type IIB superstring theory. It is a zero-dimensional 
reduced matrix model defined by the action 

S = -^Tr(^[X a ,X b }[X a ,X b ] + ^T a [X a ,^}), (1) 

where X a , a = 0, . . . , 9 are ten hermitian matrices, and ip are sixteen-component Majorana- 
Weyl spinors of 5*0(9, 1). Indices are raised and lowered with the invariant tensor g ab = r) a b, 
or possibly g ab = 5 ab in the Euclidean version where 50(9, 1) is replaced by 50(10). The 
T a are generators of the corresponding Clifford algebra. A is an energy scale, which we will 
set equal to one A = 1, and work with dimensionless quantities. Finally, g is a parameter 
which can be related to the gauge coupling constant. 

The symmetry group of the above model contains the U(N) gauge group (where the 
limit N — > oo is understood) as well as the 50(10) or 50(9, 1) global symmetry. Moreover, 
the model enjoys a N = 2 space-time supersymmetry (SUSY), realized by the following 
transformations, 

#V = l -[X a ,X h }T ab e, (2) 

5^X a = teT a ^, (3) 

<f V = e, (4) 

Sfx a = 0. (5) 

Therefore, the amount of SUSY indeed matches that of the type IIB superstring. Let us 
also note that the homogeneous e-supersymmetry is inherited by the maximal M = 1 SUSY 
of Super- Yang-Mills (SYM) theory in ten dimensions. 

It is important to stress that due to its O-dimensional nature, the IKKT model is not 
defined on any predetermined space-time background. Instead, space-time emerges as a 
particular solution of the model, as we discuss in the following. This picture provides a 
dynamical origin for geometry and space-time. 

Equations of motion and basic solutions Varying the action (TTJ with respect to the 
matrices X a and setting ip = 0, the following equations of motion are obtained, 

[X b ,[X a ,X b ]] = 0. (6) 



Simple as they may appear, these equations admit diverse interesting and non-trivial solu- 
tions. 

Clearly, the simplest solution is given by a set of commuting matrices, [X a , X b ] = 0. In 
that case, the matrices X a can be simultaneously diagonalized and therefore they may be 
expressed as 

X a = di&g(X?,X$,...,X%). (7) 

However, such solutions are in a sense degenerate and do not lead to interesting dynamics. 
For notational convenience let us now split the ten matrices X a in two sets; we shall 
use the following notation, 

X* = (yi) , (8) 

where the X M , /i = 0, . . . , 3 correspond to the first four X a matrices and the Y\ i = 1, . . . , 6 
to the six rest of the X a matrices respectively. Let us stress that although a splitting of 
the type 10 = 4 + 6 is considered here, this is not a priori favoured by the matrix model 
actionj. In this notation, another solution of the equations (EJ) is given by 

X' = (*") (9) 

where X^ are the generators of the Moyal-Weyl quantum plane R^, which satisfy the 
commutation relation 

[x fi ,x v } = ie»\ (io) 

where Q^ v is a constant antisymmetric tensor. This solution corresponds to a single non- 
commutative (NC) flat 3-brane, which corresponds to space-time emerging as a solution 
of the matrix model. Being a single brane, this solution is associated to an abelian gauge 
theory. An obvious generalization of the above solution is given by 

X a = ( X Q ") ® \, (11) 

which is interpreted as n coincident branes carrying a non-abelian U(ri) gauge theory. 

In the following paragraph we shall briefly argue that deformations of the above brane, 
interpreted as more general (curved) submanifolds Ai A C R 10 , are equipped with an effec- 
tive metric. Therefore the effective field theory living on the brane is coupled to an effective 
gravity. 

Emergent geometry and gravity. The flat solutions Rg are special cases of NC branes 
with generic embedding in the ambient R 10 . Such generic branes are desribed by quantized 
embedding functions 

X a ~ x a : M 2n ^ R 10 (12) 

of a In dimensional submanifold, where the matrices X a ~ x a are interpreted as quantized 
embedding functions. Furthermore, 

[X", X v \ ~ %{x\ x v } = i9^{x) (13) 



5 However, there should be some dynamical reason within the matrix model why four dimensions are 
preferred, cf. [521155] . 



is interpreted as a quantized Poisson structure on Ai 2n . Here ~ denotes the semi-classical 
limit where commutators are replaced by Poisson brackets, and x^ are locally independent 
coordinate functions chosen among the x a . Thus we are considering quantized embedded 
Poisson manifolds (Ai 2n , 9^ u ). The sub-manifold Ai 2n c M 10 is equipped with a non-trivial 
induced metric 

g^uix) = d^x a d v x b 7] ab , (14) 

via the pull-back of t]^. It is then not hard to see [31] that the kinetic term for all (scalar, 
gauge and fermionic) fields in the MM on such a background Ad 2n is governed (up to 
possible conformal factors) by the effective metric 

G^~ W<V, (15) 

so that G^ v must be interpreted as gravitational metric. Since the embedding is dynamical, 
the model describes a dynamical theory of gravity, realized on dynamically determined 
submanifolds of M}°. 

3 Intersecting branes 

3.1 Multiple brane backgrounds 

In the previous section we presented the basic solutions of the IKKT matrix model cor- 
responding to the four- dimensional Moyal-Weyl quantum plane, or to n coinciding flat 
non-commutative 3-branes. An obvious generalization is to consider 2n-dimensional quan- 
tum plane solutions of the model, 

[X a ,X b }=iQ ab , (16) 

where Q ab has rank 2n and is embedded along M. 2n in some given subspace. To emphasize 
the analogy with string theory, we will call such a solution a D(2n — l)-brane, although 
there are no strings in the model. More solutions can be obtained by combining two or 
more of such solutions, embedded via block-matrices 

X a = ( X h \ 

V o x h) [ } 

and similarly with more than two blocks. Furthermore, each block may be replaced by a 
stack of coinciding branes as in ( ITT]) . In the present paper, we will assume that all these 
blocks share some common M0123 with generators 

X^ = {X°,X 1 ,X 2 ,X 3 }, (18) 

and contain in addition some extra-dimensional M 2n_4 in the transverse M 6 , parametrized 
in terms of Y l , i = 1, .., 6. Explicitl}o, 



6 We hope that the size of the matrix X^ is clear from the context and the notation below does not 
cause any confusion. 



Now let us consider fermions in such a background, specifically bi-fundamental ones con- 
necting the branes. We are interested in the zero-modes which are localized at the inter- 
section, realized as off-diagonal matrices 

"(C V)- <*> 

Those are candidates for chiral fermions. In order to study them we need to determine 
the action of the Dirac operator on them. Let us first note that according to the splitting 
OH]), the ten-dimensional Clifford algebra, generated by T a , naturally separates into a four- 
dimensional and a six- dimensional one as follows, 



r a = 


= (r M ,iU 


r, = 


= 7m ® h, 


r, = 


= 75®Ai. 



(21) 

Here the 7^ define the four- dimensional Clifford algebra, 75 is the usual chirality operator 
in 4D, while the A, define the six- dimensional Euclidean Clifford algebra. The explicit 
form of these representations will not be needed in the following and therefore it will not 
be given herqj. 

The Dirac operator may be split as 

#tf = # 4 tf + # 6 tf = # 4 tf + Ai[y i ,tf], (22) 

where A is the Dirac operator on the 4D quantum plane and 6 is its internal part, 

$ 6 - = A i \r i ,-]. (23) 

Focusing on the internal part lp 6 , which will lead to localized zero modes at y l ~ 0, some 
intuition may be gained by writing 

# 6 % 2) = A,[y\ vD (12) ] = A^*^ - vf (12) >? 2) ) 

= ^(([Vfo, * (12) ] + ^(12)4)) + ([Ifo, % 2) ] - ^(2)^(12))). (24) 

The expression in the second line is reminiscent of the coupling of a fermion to a magnetic 
field. Furthermore, let us consider the square of the internal part of the Dirac operator 
acting on the mode ^(12), 

($ 6 ) 2 % 2) = D 6 ¥ (12) + Eyfe*'', tt (12) ], (25) 

where the Laplacian is defined as 

D 6 - = [Y t ,[Y t ,-]], (26) 



and 



Ey^AiAl- ( 27 ) 



7 The interested reader may consult 



Then, noting that 



□ 6 # = {Y'Y^ + ^(FY 4 ) - 2Y i ^Y i , 

□ 6 * (12) = y ( \ ) r ( \ ) vi/ (12) + M/ (12) ^ 2) ^ 2) -2r ( \ ) M/ (12) r ( i 2) , (28) 



it is straightforward to show that 

($ 6 ) 2 * (12) = YjjYj,*^) + *(12)^)^) - 2Yj ) * (12) yj ) 

+Sg ) ©;l ) % 2 )-Eg ) * (12) eg ) . (29) 

For simplicity we focus on the case of branes intersecting with angle |. We can then 
separate the indices i = 1,...,,6 into subsets where either Yfa or YL-, vanishes. Then 

^(1)^(12)^(2) = 0; an d we fi nc i 

($ 6 ) 2 * (12) = y^y^^^H-^^y^y^H-EWeg^^-Eg^^e^. (so) 

Here 01,,^ is the non-commutative flux on the brane described by YZ*. and YL-, respec- 
tively, which using the above assumptions arises in the perpendicular blocks. 

The above analysis corresponds to configurations with two quantum planes. It is 
straightforward to consider configurations with three quantum planes as well. Such config- 
urations are embedded via the following block matrices, 



X a = X? 2) . (31) 



l (l) 











X (2) 











A (3) 



Y d) 











yi 

r (2) 











yi 

r (3) 



Assuming again that they all correspond to space-time filling branes, the matrices may be 
split in two parts, 

( X» \ 
X»=- j X* , Y i = | Yfo j . (32) 

x^j 

The bi-fundamental fermions in this background may be written as 

/ * (12) * (13) \ 
* = tf (21) * (23) . (33) 

\*(31) *(32) / 

The Dirac operator is given by ( 122]) . while its internal part on each component is 

$^ (ab) = MY^^-V^Yfo), (34) 

for a, b = 1, 2, 3. One can then easily write down the formulae for (Jpe) 2 and Dq. Later in 
this paper, in the discussion of the possibility to construct realistic models, we shall also 
consider configurations with four and five quantum planes. By now their treatment should 
be obvious and there is no need to keep cluttering with formulae. 



Finally, it is important to understand the degrees of freedom in the block matrices. 
The diagonal block-matrices are elements in the matrix algebras Endi^-ia) and End(7ib) 
respectively, interpreted as functions on the corresponding quantum planes M. 2n and K^™ 
represented on their corresponding Hilbert space % a /b- In contrast, the off-diagonal block 
matrices, such as ^Ub) an d ^(ba), are not elements of an algebra but bi-modules over these 
two algebras acting from the left and from the right respectively. In other words, 

* (a6) eU a ® n* b , tt (6o) eU b ® n* a . (35) 

They can be interpreted as oriented modes ("strings") connecting the branes a and b. 

3.2 Explicit cases and chiral fermions 

In the previous subsection we studied general backgrounds of the IKKT matrix model, 
corresponding to flat intersecting non- commutative branes, and discussed fermions in such 
backgrounds. Let us now proceed to specific cases of brane intersections and study the 
chirality of the fermions in each case. 

3.2.1 R 2 nK 2 

In order to understand the basic mechanism, it is instructive to start with the system of 
two .D5 branes along R| 5 and Mg 7 respectively, sharing a common M 4 . We will ignore the 
M 4 part from now on, which is common to all branes under consideration. Then we can 
write 

Y i = f V\ *e{l,2} yi = f y\ ie{3,4} 

( a ) 1 0, otherwise ' ^ 1 0, otherwise ' 

while all other components vanish. 

Let us recall the oscillator representation of the corresponding M.g . It is given by the 
ladder operators 

y l + iy 2 = a\ y 1 - iy 2 = a, [a, at] = 26 12 =: 9 a , (37) 

y 3 + ty 4 = b\ y 3 -V = &, [6,6 t ]=26 34 =:^, (38) 

which act on the Hilbert spaces T-i a and T-ib respectively and they satisf; 

y 1 V 1 + y 2 y 2 = -(a^a + aa 1 ) =8 a (h a + -), 
yV + yV = \(tfb + btf) = e b (n h + 1 -). (39) 

Here h a = a^a and n& = fo'6 are the usual occupation number operators. 

We also introduce a fermionic oscillator representation for the Gamma matricesj, 



2a = 


= Ax- 


-*A 2 , 


2a ] = A x +iA 2 , 


{a, a*} = 1, 


2/3 = 


= A 3 - 


-iA 4 , 


2/3 f = A 3 + 1A4, 


{/3,/3 f } = l, 



8 Note that the sign of 9 should be considered as positive in these formulae. 
9 We always assume a basis where the Rg™ has canonical form as in 



; : ; 



with {a, (3} = and we define the following chirality operators, 

Xa = iA 1 A 2 = -2(a t a-^), X {t = *A 3 A 4 = -2(^/3 _ I), 

acting on the spin-| irreducible representation. Moreover, it is straightforward to show 
that 

S12 = ^[A 1 ,A 2 ] = i[a,at] = I(i_2at«) = I Xa (40) 

and similarly S 34 = \xb- Note that the chirality operator on K^ x R^ is then given by 

X XaXfi- 

The most general state ^( a b) can be written as 

*(«6) = |00)Voo + |01)Voi + |10>Vio + |ll>^ii, (41) 



where the ket denotes spinor states in obvious notation. Now recall (1351) . which implies 
that the most general wave-function ip e Ha® HI can be written in terms of the eigen-basis 
of the correpsonding harmonic oscillator algebras, 

ip e ®n,m>o\n)a(m\ b , (42) 

for any given spinor component. Thus the Dirac operator for the off-diagonal spinors can 
be written as 

$^{ab) = Ai{Y(a)*(ab) ~ *(«6)*?6)) 

= («a f + a^a)^ (ab) - (^ {ab) tf + P^ {ab )b) 

= 0, (43) 

where in the last line we demand the Dirac operator to vanish so as to capture the corre- 
sponding zero modes. Moreover, 

#6*(a6) = □*(«*) + £[9, *(a6)] 

= ^(n« + ^(ab) + ^(ab)0 b (n b + -) + Se (a6) ^ (ab) 

= 0«(n« + -(l-Xa))*(a6)+0&(n& + -(l+X j 8))*( a 6)- (44) 

Observe that YL\^ {ab]YL) = for the perpendicular branes under consideration. Here we 
define the effective flux 

e (a6) :=[e,.]|* (aij) = e (o) -e (6) , (45) 

acting on the off-diagonal modes \P( a &). 

It follows that there is a single zero mode, which satisfies h a = h b = and \a — 1> Xfi — 
— 1. This implies that 

*(£) = |10>«, < = |0)a(0| kl (46) 

which is naturally interpreted as bound state localized at the intersection of the two branes. 
This state is manifestly chiral, since Xa — —Xp = 1 an d hence x = ~ 1- It corresponds to 



a fermionic "string" connecting the two branes. In addition, there is a tower of massive 
fermions 

*$) = IV W*> V§ m = |n> a <m| 6 . (47) 

These can be interpreted as long fermionic strings stretching between the branes. 

The chiral zero modes can be identified more quickly if we assume localization right 
away, so that ipij = |0) a (0|& in (J4T|) . Then 

#tt ( i 2 ) = aa t * ( i 2 ) - ^(12)6 = 0, (48) 

which gives again (|46|) . Clearly this mechanism generalizes to any (orthogonal) intersection 
of quantum planes. 

Let us note that in the present case of IR 2 fl M 2 C M 6 , there are two remaining transver- 
sal directions. Therefore this mechanism will not lead to chiral zero modes in the ten- 
dimensional model. In order to avoid this problem, we will consider intersections of higher- 
dimensional branes which span the entire M 6 . In that case, we will indeed obtain the desired 
chiral fermions. 

Generalization. Since the Y,\ will always generate quantum planes R 2 ^ in the extra 
dimensions, we can generalize the above oscillator construction by choosing a basis such 
that M 2 ^\ decomposes canonically as products of 2-dimensional quantum planes M 2 ™n = 
IR 2 , x ... x Rj . Rather than writing down cluttered general formulae, we discuss a few 
more cases explicitly. 

3.2.2 R 2 nl 4 

In order to span the full IR 6 , let us now consider a system of a D5 brane D a and a D1 brane 
D b , embedded along IR 2 5 fl Mg789- Generalizing the setup of the previous section, we need 
to add another bosonic algebra with operators b', b'\ satisfying [&',&] = 6y, for IRg789' as 
well as a set of fermionic operators f3',/3'^ with {/3',/3''} = 1, for the Clifford algebra. The 
Dirac operator becomes 

Ip^ {ab) = A t (Yi a) y {ab) -^ {ab) Yi b) ) 

= (oca? + ^0)^(06) - {^(ab)b ] + p*V(ab)b + f3'^>(ab)b' ] + /3'^ {ab) b') 

and moreover, 

2 1 1 

#6*(a&) = d a(n a + -)y {ab ) + * \ab)0 b (n b + hy + -) + £6 (a6) * {a6) 

= a (n a + -(1 - x«))*(«6) + (0b{n b + -(1 + x/?)) + v {h v + t^ 1 + X/9'))) *(«*)■ 

This implies again that all zero modes are localized as ip = |0) o (0, 0\ b , and have the form 

# (a6) = |100)|0) a (0,0| 6 . (49) 

This is clearly a chiral mode in IR 6 with \ = +1, which implies also chirality in the 4- 
dimensional space-time because of the Majorana-Weyl condition in ten dimensions. If the 

10 



two branes are replaced by n a resp. rib coinciding branes, we obtain chirally protected 
massless fermions on R 4 transforming as (n a ) <g> (n&) under U(n a ) x U(jib)- These are the 
building blocks for the low-energy physics in the matrix model framework. 

Note that in the case of two branes Z?( a ) fl Dq,) intersecting perpendicularly along a 
common IR 4 , the chirality of the localized zero mode is given by 

X(*(«*)) = ("l) db/2 , (50) 

where db denotes the number of extra dimensions of the brane Da,) . In particular, for the 
above example we have x(^ r (o6)) — 1? while x(^(&a)) = — 1- 

3.2.3 Knm 2 

In principle, one can consider intersections of compact non-commutative branes such as 
fuzzy spheres and tori K = S%, K = T% [33] ■ These can be easily realized in terms of 



block-matrix configurations as before. From a semi-classical point of view one would expect 
that chiral zero-modes arise similarly from localized off-diagonal fermions. However, this is 
more complicated because of curvature. Indeed, the compact space may intersect the other 
brane in more than one location. We will appeal to the expected qualitative features in 
some examples below but postpone a more careful investigation of such scenarios to future 
work. 

3.2.4 R 4 n M 4 

It is also interesting to consider the system of two D7 branes, e.g. IR 4 567 nlRg 789 . This system 
contains an additional common IR 2 . Therefore, if the non- commutative structure respects 
this sub-space, the above story goes through with the obvious modifications. It leads to 
a single chiral zero mode with chirality \ = +1 on the (4+2)-dimensional intersection IR 6 . 
However, from a physical point of view, we do not want flat IR 6 but rather chiral zero-modes 
on 4D space-time. 

There are two obvious ways out. First, we can assume that the 6-dimensional inter- 
section has non-trivial geometry such as IR 4 x T 2 or IR 4 x S 2 . We can then put a flux on 
this compact spaca 10 l which implies (via the index theorem) that the lowest Kaluza-Klein 
modes on K are chiral and massless. This leads to a chiral effective 4D action, and the 
number of zero-modes is determined by the flux on K. Such compactified extra dimensions 
are very reasonable physically, and we will apply this mechanism in section 14.11 

There is another possibility which should also be explored. Even though IR 4 567 fl IR 4 789 = 
Mg 7 , it may be that the non-commutative structures 9 ab do not respect this sub-space. Then 
the above derivation must be modified, which should be studied elsewhere. 

3.2.5 R 2 n» 2 n M 4 

As a further example consider IR 2 5 fl IRg 7 fl ^6789- This is a system of one D7 and two 
D5 branes. According to the above results, \&(i2) connecting the M. 2 5 and the Mg 7 brane 
is not chiral. Similarly ^(23) connecting the Mg 7 and ffig 789 is also non-chiral, since in that 



10 this is achieved if the two copies of the compact space K on the two branes have different quantization 
numbers N, e.g. S% and S%_ 1 respectively [T21I36H38] : see also e.g. [39] for related work. 

11 



case there are two common directions and the full six- dimensional space is not saturated. 
However, the component \J/(i 3 ) connecting R| 5 and IRg789 * s chiral. 

In the low-energy effective action on the common M 4 , we expect that non-chiral fermions 
will acquire a dynamical mass and disappear from the low-energy spectrum. Only the chiral 
zero modes are protected. Those are candidates for the fermions of the standard model. 

In order to verify the above expectations let us consider the Dirac operator on the 
spinors. Evidently, 

$ 6 % 2 ) = (ao t + a t o)*( 12 )-C(3*(i2)6 t +j9 t *(i2)6), (51) 

# 6 % 3 ) = (cra f + a t a)^ (13) - (/3* ( i 3) 6 t + (3^ {13) b + P'* (la) tf + (3'^ {13) b'), (52) 

$4^(23) = -(/3>( 2 3)& ,t + /3'%3)&'), (53) 

noting that Mg 7 fl B^gg corresponds to a 6-dimensional intersection, leaving only 4 extra 
dimensions. Accordingly, the square of the Dirac operator on the modes may be determined 
and subsequently be set to zero. As a result we find 



A%2) = =► X a = 1, Xis = -1, X? = ±1, (54) 

06^(13) = => Xa = l, X p = -l, X p, = -1, (55) 

^>( 23 ) = =* Xa = ±1, X = ±1, XP = -1, (56) 

where x = ±1 indicates that the corresponding chirality is undetermined. According to 
this result, only \I/(i 3 ) is chiral in 4D, which confirms the above expectations. 

3.3 Remarks on supersymmetry 

Let us briefly discuss the supersymmetry of the brane configurations under consideration 
here. The basic brane solutions ffT6|) of the matrix model are known to be \ BPS states, 

preserving the supersymmetry ([5]) 8e + S^ for £ = ^Q ab T a i,e. Thus 2 intersecting branes 
preserve a supersymmetry if and only if £ = ^Q^T ab e = |0?^r a be, hence 

0^ 2) r afe e = O (57) 

using the notation ( H5|) . This means that 0?^^ has reduced rank. Not surprisingly, 
this quantity will also play a significant role in the effective interaction between the branes 
as discussed in section [5j Denoting with /j the eigenvalues of 6?f 2 ) as i n Appendix A, 
the eigenvalues of ©n^Toi, in the eigenbasis f )90|) are given by a ni = J^ n . =±1 rii/i- Since we 
assume in this paper that Q ab for the two branes coincides on the intersection, it follows that 
0?i2) h as a ^ l eas t 2 vanishing eigenvalues, and the remaining fi,i = 3,4,5 are determined 
by the noncommutative flux in the extra dimensions. 

Now consider the case of 2 intersecting D5 branes as in section 13.2.11 Then / 3 and f± 
are the extra fluxes on the 2 branes, while /s = 0. Thus half of the a Ui are zero if and only 
if / 3 = ±/ 4 . In that case these configurations are | BPS. Indeed, we will see in section [5] 
that this is precisely the case where the interaction vanishes. An analogous result holds in 
the case of 2 intersecting D7 branes. This may be expected in view of known results in 
the literature [T4"ll2~T] . In the case of D5 fl D7 intersecting in a D3 as in section [3.2.21 the 
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eigenvalues a ni = J2 n =±i n ifi f° r gi yen /3; fii /s ¥" can vanish only for special choices 
of fluxes, such that e.g. fs + fi = ±/s. In such cases, the configuration is | BPS, but 
generically there is no supersymmetry. Indeed we will see in section [5] that the interaction 
may have either sign in this case. 

4 Towards realistic scenarios 

Intersecting D-brane models proved to be a very fruitful arena in the quest of embedding 
the SM in string theory. Indeed, there exists a vast literature on the ongoing exploration 
of type II orientifold vacua which aspire to successfully describe the SM or Grand Unified 
Theories (GUTs) thereof (for reviews and a more complete list of references see [H0J.I5T]) . 

In the present section we would like to discuss the possibility of realistic model building 
in the context of matrix models, based on the results of the previous sections. Let us first 
explain what is meant here by realistic. The minimum requirements that we shall impose 
include: 

• The SM gauge group at low energies (plus some additional U(l) factors which become 
massive) . 

• Chiral fermion spectrum. 

• Correct hypercharge assignment. 

Another obvious requirement is that the model is anomaly free, which is discussed in 
section 14.41 Having ascertained these requirements, one may subsequently try to impose 
more phenomenological or theoretical requirements, such as proton stability, gauge coupling 
unification, family replication, mass hierarchies etc. Such a systematic analysis is left for 
future work. In the present work our main goal is to show that realistic model building in 
the above sense is indeed possible within the matrix model framework. 

The most economic way to obtain the SM from intersecting branes in the matrix model 
appears to be via four branes D a , Db, D c , D^ which carry the gauge groups U(3)c, U(2)l, 
U(l) c and U(l)d- This possibility has been explored extensively in the context of string 
theory, with several possible variations, cf. J2BHS]- We will discuss such configurations 
in the matrix model below. However, there are important differences to the string theory 
approach. The main difference is that we consider branes with extra dimensions embedded 
in R 10 , rather than compactifing the 10-dimensional target space as in string theory 11 !. 
This has several implications. First, there is no tadpole condition, due to the non-compact 
embedding space. On the other hand, there are more restrictions for the representation 
content than in the string theory approach. In particular, all fermions must be in the 
(n») £g> (Wj) of a pair of U{n,j) gauge groups, and no (n») <8> {rij) can arise. We will be 
led to essentially a single configuration with the correct spectrum of chiral zero-modes. 
This is essentially equivalent to a configuration of non-intersecting branes which was found 
previously in the matrix model framework [22], however without a mechanism for chirality. 
This mechanism is provided now by the intersections. 



u The point is that embedded NC branes form a natural class of solutions in matrix models, and the 
IKKT model is expected to be UV finite on such backgrounds (with compactified extra dimensions such 
as fuzzy spheres), as in J\f — 4 SYM theory. 
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Table 1 


brane 


gauge group 


brane embedding 


D a 


U(3) c 


D7 along Rj 567 


D b 


U(2)l 


D7 along M% 789 


D c 


U(l)c 


D7 along M^ 789 


D d 


U(l) d 


D7 along M| 589 



Table 1: Gauge group and brane embedding for the model with four intersecting branes. 

We will also discuss a possible generalization of this brane configuration with five branes, 
which allow to obtain right-handed neutrinos. 

4.1 Standard model from four intersecting branes 

Consider four branes D a ,D b ,D c , Dd with gauge group 



G = U(3) c xU(2) L xU(l) c xU{l) d , 

= SU(3) C x SU(2) L x U(l) a x U(l) b x U(l) c x U(l) d , 



(5f 



It seems plausible that all intersections should be "close to each other", so that the branes 
can be considered as flat to a good approximation; distant intersections would presumably 
lead to decoupled sectors. We use this as a working hypothesis here, which allows us to 
work with planar branes. Furthermore, we restrict ourselves to the case of perpendicular 
intersections as above. 

Clearly the left-handed quarks Qi must arise on D a nD b , the right-handed quarks Ur, cIr 
on D a n D c and D a fl D d respectively, say, and the right-handed electron cr on D c fi D d . 
Thus all of these intersections must exist and provide localized chiral fermions. It is clear 
that this cannot work if D a is a Dh brand 12 !. Furthermore, a doublet of left-handed leptons 
II should arise from the intersection of D b with one of the two U(l) branes (this turns out 
to be possible, which is a non-trivial statement); let us denote this one with D d . We will 
see that no second doublet of left-handed "exotic" leptons will arise at the intersection of 
D b with the other U(l) brane. 

We can therefore assume that D a is a Dl brane embedded along M4 567 . In order to 
accommodate Ql,ur and oIr, all other branes must contain IRg 9 . Furthermore D and D d 
must span together the entire M 6 in order to provide II from D fl D d , therefore they must 
both be 7-branes. Thus up to equivalence, we can assume that D b is embedded along ffig 789 
and D d is embedded along M| 589 . Finally, in order to obtain &r from D c fl D d it follows 
that D c is embedded along Mg789- Thus we arrive at the embedding in table 1, with the 
particles at the intersections given in table 2. This corresponds to the following matrix 



12 if D a is a D5 brane embedded e.g. along R| 5 , then all the Db, D c and Dd would have to be embedded 



along Kg789, and there would be no chiral leptons. 
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Table 2 


Intersection 


Representation 


Particle 


flux 


D a r\D b 


(3,2)(-l,l,0,0) 


Ql 


N'e-Np 


D a nD c 


(3,1)(-1,0,1,0) 


d R 


N'^-Np 


D a nD d 


(3,1)(-1,0,0,1) 


u R 


K-N a 


D d nD b 


(1,2)(0, 1,0,-1) 


k 


N 7 -N^ 


D d DD c 


(1,1)(0, 0,1,-1) 


en 


iv;-< 



Table 2: Particle spectrum at the brane intersections. The representation content appearing 
in the second column is given for the gauge group SU(3)c x SU{2) L x U(l) a x U(l)b x 
U(l) c x U(l)d, where the first parenthesis contains the quantum numbers for the non- 
abelian factors and the second parenthesis the abelian charges in the above order. The 
fourth column is related to the fluxes seen by the fermions on the compact spaces K, as 
discussed in the text. 



realization of the chiral matter as anticipated in [22 

/0 2 



* 



h Ql\ 

e R 







Q 



R 



with 



Qi 



d L 



\ 



h 



(59) 



3 / 






Q 



R 



d R 
u R 



(60) 



Here the branes are arranged in the order D b , D c , Dj, D a , which is of course just conven- 
tional. The correct hypercharge is then reproduced by 



% 



Y 



-o- 3 



1*3, 



" „ ^ca ^cc ~r t^/ci, 



(61) 



which acts in the adjoint; here Q a ,b,c,d denotes the U(l) charges of the branes. Note that 
it follows from the above discussion that the intersection D b fl D c is not chiral, there- 
fore there are no exotic chiral leptons with representation 13 ! (1,2)(0, 1, —1,0). The lower- 
diagonal blocks of the fermionic matrices are related to the upper-diagonal blocks by the 
10-dimensional Majorana condition, and not displayed here. They correspond to the anti- 
particles with conjugate representation content. 

Let us discuss the chirality in more detail. Since all branes are D7 branes, all zero 
modes on the 6-dimensional pairwise intersections have 6-dimensional chirality \ = +1, as 
discussed in section 13.2.41 This holds both for the upper-diagonal and the lower-diagonal 
entries in ( |59|) . In order to get 4-dimensional chiral fermions, we assume that the intersec- 



tions DiDDj are compactified e.g. on 2-dimensional tori or spheres with a flux rriij. Via the 



13 notice that these are the quantum numbers of the second Higgs doublet of the MSSM. 
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index theorem, this leads to \rriij\ fermionic zero modes ifruj) with chirality sign (my). Note 
that the opposite zero modes ip(ji) see the opposite flux rriji = —my, and therefore have op- 
posite chirality. Hence we need to realize the fluxes m^- such that the correct 4-dimensional 
chiral fermion content of the standard model is obtained. 

We now give such a flux compactification which reproduces the standard model. Take 
D a to be K a x K/3, D b to be K'p x K 7 , D c to be K% x K' and D d to be K' a x K^ 
(always omitting the common M 4 ). Here K stands for either T^ or Sfj, and the subscripts 
indicate the tangent plane at the location of the intersection. Then the geometries of the 
intersections are as follows D a nD b = Kp = D a nD c , D a nD d = K a , D b nD d = K^ = D c nD d . 
However, e.g. K a and K' a can have different quantization parameters N a and N' a , which 
implies that e.g. ip( a b) feels a A ux Np — N'a while 4>{ad) feels a flux N a — N' a . Thus a possible 
assignment which gives the correct number of generations and chiralities is 



N^-N^ = 3, N^-N^ = 


-3, 


N$-Nf> = -3, N'p-N p : 


= 3, 


K-N a = -3. 





(62) 

It is obvious that this does have solutions. In this way, we have found a background 
which reproduces the exact standard model spectrum in the matrix model at low energies, 
including the appropriate number of generations. 

In general, compactified extra dimensions may intersect more than once. This would 
lead to additional hidden sectors, or possibly to additional generations. Since the genera- 
tions are realized above through indices associated to fluxes, we do not want any additional 
intersections here. We can indeed provide a realization of the above K a , Kp, K 7 as 2-spheres 
with the desired properties. This is achieved e.g. by the following embedding 



K a = S 2 C Rl 56 


centered at 


e 6 , 


Kp = S 2 C R 3 678 


centered at 


e 8 , 


K y = S c IR 894 


centered at 


e!i. 



(63) 

Here e*j denotes the unit vector (0, ..., 1, ...,0) in direction i. It is then easy to check that 
these spheres have only a single pairwise intersection at the origin, with tangent space M| 5 , 
Eg 7 , IRg 9 , respectively. 

Such fuzzy sphere solutions indeed exist in the matrix model [HIE], e.g. upon adding 
appropriate cubic terms to the action. The spheres (I6"3"|) can be realized by adding a term 
of the form Tr(e a f d 6) X a X b X c + e a l 7 d 8) X a X b X c + e a f d 4) X a X b X c ), where the superscript in 

e.g. e abd indicates the possible values of the indices. It is easy to check that the desired 
fuzzy spheres are then indeed solutions of the matrix model. 

Of course, adding such explicitly symmetry breaking terms to the model is undesirable 
from the gravity point of view. As shown in [2Q], there are in fact analogous solutions of 
the IKKT model without any additional terms, by giving them angular momentum and 
a modified NC structure. Although their intersections have not been studied, one should 
expect that the same qualitative features arise; this will be elaborated elsewhere. 

Finally, we recall that all branes were assumed to be approximately flat and intersecting 
at 7r/2. This assumption may be too strong, and there may be different realizations of 
the SM upon relaxing these conditions. In particular if the branes intersect at different 
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loci on the compactified extra dimensions, then it may be possible to consider also e.g. 
combinations of D5 and D7 branes. Intersections at different locations may lead to hidden 
sectors or to family replication. We leave such non-trivial geometries for future work. 
Nevertheless, it is quite striking that the correct SM spectrum arises quite naturally for 
the above configuration of intersecting branes, without exotic chiral particles. 



4.2 Other models from five intersecting branes 

Previously we showed that in order to realize the SM within the MM framework, the 
minimal set-up consists of four intersecting branes, which all have to be D7 ones. Thus 
the MM necessarily singles out one configuration, where the branes have six-dimensional 
intersections. This fact led us to the compactification of the two extra dimensions and the 
introduction of fluxes on them in order to achieve the correct SM spectrum. 

The importance of the above restriction to D7 branes may be further illuminated by 
asking whether realistic brane configurations with purely four-dimensional intersections can 
be constructed in the present framework. The answer is no and the reason is the following. 
The obvious way to avoid having six-dimensional intersections is to relax the consideration 
of four intersecting branes. Indeed, let us consider a single fifth brane, say D e , carrying 
a gauge group U(l) e . Now the color brane can be either D5 or D7, since the additional 
freedom introduced by the presence of the fifth brane allows to circumvent the argument of 
the previous section. Then there are essentially two ways (up to equivalence) of embedding 
the branes in M 10 , involving only 4-dimensional intersections of D5 with D7 branes as 
presented in table 3. Chiral particles may be accommodated at the intersections as in table 
4. On the other hand, the intersections D a nD e , DbC\D c , DbdDd and D c r\Dd are not chiral 
in this model and therefore chiral particles associated with them do not exist. This leads 
to the correct representation content of the SM (with right-handed neutrino), however the 
chiralities come out wrong. The point is that here we have no freedom to add fluxes in 
extra dimensions, which could fix the chiralities as in the previous section. 

According to the above, our framework is very restrictive and forces us to consider 
D7 branes. In the present case of five branes this can easily be realized by appropriately 
promoting the Db branes of table 3 to D7 ones and adding appropriate fluxes on the inter- 
sections, as before. This is interesting because the particle corresponding to the last row 
of table 4 is naturally identified with a right-handed neutrino vr. Therefore the extension 
of the SM by a vr is achieved in our framework with five D7 branes. Then the upper 
triangular matrix realization is 



* 



/0 2 



V 






l L 


Ql\ 





[0 e R \ 
VO vr) 


Qr 









o 3 y 



(64) 



while the correct hypercharge assignment is given by 

/0 2x2 \ 

-a 3 

1 



Y 



\ 



■P 



r, Va ^4 c 



Qd + Qe 



(65) 



3x3 



/ 
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Table 3 


brane 


gauge group 


brane embedding 1 


brane embedding 2 


D a 


U(3)c 


D7 along E| 567 


D5 along M| 5 


D b 


U(2)l 


D5 along Rj g 


D7 along R| 789 


D c 


U(l)c 


D5 along R 2 8g 


D7 along R^ 789 


D d 


U(l) d 


D5 along Rj g 


D7 along R^ 789 


D e 


U(l)e 


D7 along Rj 567 


D5 along Rj 5 



Table 3: Gauge group and brane embeddings for the models with five intersecting branes. 



Table 4 


Intersection 


Representation 


D a nD b 


(3,2)(-l,l,0,0,0) 


D a n d c 


(3,1)(-1,0, 1,0,0) 


D a C\D d 


(3,1)(-1,0,0,1,0) 


D b nD e 


(1,2)(0, 1,0, 0,-1) 


D c nD e 


(1,1)(0,0,1,0,-1) 


D d nD e 


(1,1)(0,0,0,1,-1) 



Table 4: Particle spectrum at the brane intersections. The representation content appearing 
in the second column is given for the gauge group SU(3)c x SU(2)l X U(l) a x U(l)b X 
U(l) c xU(l) d xU(l) e . 



4.3 Bosonic sector 

So far, we only considered fermions in the off-diagonal blocks. There are clearly also 
bosonic matrices connecting the branes, corrersponding to scalar fields i.e. (generalized) 
Higgs fields. However, most of them will be massive and disappear from the low-energy 



physics. To see this, consider their action in the above 
which takes the form 



n: 



background obtained from 



□0(afe) = a (fl a + ~)(j)(ab) + 4>(ab)0b(nb + ~), 



(66) 



because Y( a )(l>(ab)Y(b) — vanishes in that background. The minimum is clearly obtained 
for n a (fi iab) = = 4>( ab )n b , thus 

However, these lowest modes now have a non-vanishing mass 



n/r2 j.0,0 
M V<P(ab) 



h + Ob 



L0,0 

\ab)- 



(68) 



The fact that this mass does not vanish is due to the uncertainty in their localization, 
which leads to a quantum mechanical "zero-point energy" determined by the NC scale 9. 
In particular, supersymmetry is broken by non-commutativity. 

The Yukawa couplings for the chiral fermions have the form ^( ba )4>( b c)^(ca), which in- 
volves three branes. Since these bosonic modes 0(& c ) are massive for intersecting branes, the 
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Higgs field responsible for electroweak symmetry breaking can arise only from off-diagonal 
blocks connecting parallel branes. Indeed there are two parallel branes Dj, and D c in the 
first model in section I4.1[ and the bosonic mode connecting these branes has the correct 
quantum numbers of the electroweak Higgs. It is easy to check that this leads to valid 
Yukawa couplings for the SM, however the couplings of the ur quarks vanishes (since the 
bosonic mode connecting the D^ and the Dd brane is massive). In the second model in 
section H~2l there are 3 parallel branes D^, D c and D^, which may accomodate a rich Higgs 
sector and allows to realize all the necessary Yukawa couplings. Notice also that there 
are always several Higgs fields within a given block, corresponding to the different matrix 
components Y l in the internal space. Their interactions should originate from the [Y l , Y- 7 '] 2 
term in the matrix model, although the precise mechanism is at present unclear. 

4.4 Anomaly and other issues 

In string theory, there is a further constraint on the intersecting branes due to the tadpole 
cancellation condition [30] . It results from consistency conditions on the fluxes in compact- 
ified extra dimensions. However for branes embedded in flat R 10 as considered here, this 
does not lead to any further constraints. 

In the IIB matrix model, the only possible constraint on the brane configurations comes 
from stability considerations, notably at one loop. We study the stability of the intersecting 
brane configurations below. Although we cannot give a full analysis for the case of com- 
pactified branes, we do find clear evidence that intersecting branes can have an attractive 
interaction and thus form bound states. 

Another important issue is the (chiral) anomaly. In the intersecting branes scenario, 
there are U(l) factors arising on each brane. The overall trace-C/(l) is part of the gravity 
sector. Certain combinations of them combine to form anomalous-free £7(1) 's, in partic- 
ular as required in the standard model. However, some £7(1) 's typically are anomalous 
from the low-energy point of view. On the other hand, it is clear that the entire model 
(including all massive brane modes arising in the off-diagonal sectors) is free of anomalies. 
This means that the low-energy anomalies are not pathological, but lead to non-standard 
implementation of the corresponding symmetry. 

One mechanism which arises in a similar field-theoretical context is the Stuckelberg 
mechanism [UJ, which implies that these would-be massless anomalous gauge fields ac- 
quire a mass and thereby disappear from the low-energy spectrum. This is related to the 
generalized Green-Schwarz mechanism [30] which governs the analogous issue in the string 
theory context. The precise implementation of these mechanisms in the present model 
should be studied in more detail elsewhere. Here we simply refer to the consistency of 
the model at the fundamental level and assume that these would-be anomalous £7(1) 's 
disappear from the low-energy sector of the model. 

Another important issue is the stability of these brane configurations, in particular 
the identification of brane configurations which are bound states and do not collapse into 
coinciding branes. The discussion of the one-loop effective action in the next section shows 
that there are several mechanisms which govern the interaction of such branes, depending 
on their fluxes, relative orientation, and so on. This is clearly a complicated dynamical 
issue which will require much more time and work to be understood. We will set up a 
suitable formalism for such an analysis, and briefly discuss some qualitative aspects. 
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Finally, it should be clear that what we obtained here is a version of the standard model 
which lives on noncommutative rather than commutative space-time. This means that there 
is a scale determined by 9^ y where the fuzzyness of the branes under consideration becomes 
important, both for space-time as well as for the internal spaces. Due to the maximal 
supersymmetry of the IIB model (corresponding to M = 4 SUSY on a M.g brane), the 
pathological UV/IR mixing effects are expected to be absent [42], but noncommutativity 
plays a central role in the gravity sector [4]. It is therefore reasonable to expect that the 
physics of the model reduces to that of an ordinary gauge theory at low energies. However, 
more work is required to fully understand the impact of noncommutativity here. 

5 One-loop effective action and stability 

The most important aspect of the matrix model is that there is a clear concept of quanti- 
zation: one should simply integrate over the space of all (bosonic and fermionic) matrices. 
This is the matrix analog of the Feynman path integral. In fact, the one- loop effective 
action for a general given background X a in the matrix model can be written down in a 
remarkably compact way! 14 ! [2], 

ri-ioo P [X] = ^Tr (log(D + nZ\® a \ •]) - \ log(D + ^W\ ■]) - 2 log D 

= \ (Tr(io) log(l + E^D" 1 ^, .]) - \ (Tr (16) log(l + EifD- 1 ^ 6 , .])) 

= ^ ( - -(e^d- 1 ^ 6 , .]) 4 + ^(sifn- 1 ^, .]) 4 + o(n-^ b , .]) 5 j . 

(69) 

Here the traces are taken over operators on M at(oo, C) £g> V, where V is either the 10- 
dimensional vector or the 16-dimensional spinor representation of 50(9, 1), and 

Q ab = -i[X a ,X b ], 

\^ab )/3 — T^ ' 1 b \/3> 

(^ b 0) y d = z(5:g bd -5 c b g ad ), 

D0=[X a ,[X a ,0]]. (70) 

It is easy to see using 50(10) group theory that the first three terms in the Taylor expansion 
in Q ab cancel identically, reflecting the maximal SUSY. The leading non-trivial term in such 
an expansion is given by the last line in (169]) . This implies that there are no UV divergences 
for fluctuations around 4-dimensional and 6-dimensional flat branes at one lood 15 !. 



14 Additional Wess-Zumino-type terms may arise in fully non-degenerate 10-dimensional backgrounds. 
They will not be discussed here, although they may be relevant in the most interesting configurations with 
chiral zero- modes, leading to non-trivial magnetic interactions [43 . 

15 For 8-dimensional branes, there are log-divergences for non-compact branes, but one may expect that 
there are no divergences even for 8-dimensional NC branes provided they are compactified. 
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The one-loop effective action is expected to capture the leading behaviour of branes 
in IIB supergravity [2J. We will briefly indicate how to apply this formula in the case of 
intersecting brane configurations. This should allow to understand their stability. 

For the backgrounds under consideration here (i.e. blocks of various Kg n ), we observe 
that [□, [0, .]] = 0. Therefore the 1-loop effective action can be written neatly in exponen- 
tiated form using a Schwinger parametrizatiod 16 !. 

oo 

IWX] = -ill / ^ (e-P+s^ie-,]) - ie-CH^ie*..]) - 2e' sU ) 
o 

oo 

o 

oo 

= ~\ j d i^Ae--°)(ir lm( e-<:'^) _ ^^-^^A) _ 2 ). (71 ) 



Here we separated the wave functions into a SO (10) sector with trace tr over the appropriate 
(vector or spinor) representation V, and a space-time sector denoted by A = Mat(oo,C). 
The latter consists of the modes around the background X a . 

For the SO (10) part, note that any given constant Q ab is in one-to-one correspondence 17 ! 
with a generator of SO (10). Hence the SO (10) structure enters only via the characters 

Xv (H)=Tr v (e H ), (72) 

which are invariant under the adjoint action as well as Weyl reflections. This takes care of 
the 50(10) sector for fixed [Q a b, •]• 

For a single flat brane ffij n , the one- loop effective action vanishes because [Q ab , .] = 0, 
and the characters cancel due to SUSY. Now consider a background of two flat branes as in 
f[T7|) . denoted as R|, n an d ^r to be specific. We organize the space of modes accordingly 
into block structure. The contribution due to the diagonal blocks still vanishes as before. 
However we now get non-trivial contributions from the off-diagonal blocks, where Q(lr) = 
[0, .] = 0(l) — 0(i?) is the difference of the "NC flux" between the branes. This contribution 
is given by the following simple formula 

oo 

r ll00 p[X]= -J [-Tr A (e- sn )x(se iLR) ), (73) 

where 



2 J s 

o 



X(sQ(LR)) ■= Xw(sO(LR)) ~ ^Xw(sQ(LR)) 



tr(e ab (LR n - -trfe ab ( LR ) ) - 2. (74) 



16 This is based on the identity J °° ^(e" Sj4 - e~ sS ) = InB - In A. 

17 To see this, we can bring it into standard form involving only 2x2 antisymmetric block matrices on 
the diagonal, i.e. such that it is an element of the Cartan algebra. Using the Killing metric, this defines a 
corresponding weight /i. 

21 



Therefore the characteristic function x{®(lr)) governs the effective interaction between the 
branes. In particular, the sign of the one-loop action is determined by the sign of x(®(lr))- 
These characters can be evaluated explicitly. We already pointed out that the first 
three terms in the Taylor expansion for x( s @) vanish identically; this is a consequence of 
maximal SUSY. Moreover, it is not hard to show [44J that the leading contribution in to 
the 1-loop action has the form 



X(se)| (e4)~s 4 tr((e<?) 



^(tr(e^) 2 ) 2 



O(s0 E 



(75) 



where Qg is viewed as 10 x 10 matrix. If has rank 4, then this term is positive definite 
tr((0# - \(tr(Qg) 2 ) 2 ~ (0 - * g 0) 2 (0 + * g 0) 2 = 0^0 2 _ > 0, 



(76) 



where -k g is the Hodge dual with respect to the relevant 4-dimensional metric g a f,. Here 0^ 
denotes the (anti-)self-dual components of in its 4-dimensional subspace, which vanishes 
if and only if is (anti-)self-dual. We will in fact derive a stronger result below. Thus the 
effective potential W = r 1 _i oop ~ — \ < is generically attractive in the rank 4 case. This 
is consistent with the results of for the interaction of two anti-parallel Dl-branes, which 
have rank two. 

Explicit results for the characters. We summarize some results for the characters as 
explained in the appendix A. For a given flux 0^, we can choose a basis using a suitable 
SO (9, 1) rotation where Q L b R is block- diagonal: 







ab 
LR 



( o 

-h 



\ 



h 







-h 



\ 






( h i<?2 
\ 



\ 
/b icr 2 J 
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Notice that, in general, this basis need not coincide with the basis adapted to the intersec- 
tion of the branes. For the vector representation this gives 



X(io) 



'sQ 



LR) 



tr(e 



byJ LR^ab 



while for the spinor representation one finds 



fs0 



(sQ 



LR) 



,»h 



i=l 



+ e 



e 2sfi + e~ 2sfi ) , 



(7i 



sfi 



( e «A + e - s h) 



2X(W,±){SWLR) = X(32) 

provided the rank is no more than 8 (since then both contributions from e ±Q ^ 5 coincide) 
Furthermore, we show in appendix A that 



(79) 



x(sQlr) 
x(sOlr) 



t e %(fi-h) _ e -f 
. either sign, 



(/i-/2h2/ e §(/i+/ 2 ) 



-f(/ 1+ / 2 )x2 



> 0, rank0 L/? <4 
rank Qlr > 6. 



The first statement implies (176"]) . since /i = ±/2 is equivalent to Qlr being (anti)self-dual. 
Note that if the rank of 0^ is 6 or higher, then x(®lr) > if two eigenvalues dominate 
but do not coincide, but x(®lr) < if all eigenvalues are comparable. 
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5.1 Interaction between branes 

Since the bare matrix model action does not give any interaction between two branes, the 
one-loop effective action should give the correct interaction at leading order. 

Consider two branes along M^ n and M% n . As shown above, the sign of their effective 
potential W = ri_i oop ~ — x{®lr) is governed by x(®lr)- If ®lr has rank < 4 then 
there is an attractive interaction, which cancels in the (anti-)self-dual case. Therefore low- 
dimensional branes should tend to coincide. If rankO^ > 4, then branes may repel each 
other, in particular if the eigenvalues of B(lr) approximately coincide. However vacuum 
states should have an overall attractive interaction, which arises if two eigenvalues dominate 
but do not coincide. The attractive interaction is maximized if there are two dominating 
eigenvalues of Q(lr)- 

For example, consider a D3 and a D5 brane which intersect in IR 4 , i.e. the D3 C D5. 
If their fluxes coincide in the common K 4 , then Q(lr) has rank 2 and we have a bound 
state. If the D3 and D5 have a generic orientation relative to each other, the rank of Q(lr) 
would typically be 6, and the interaction tends to be repulsive. Therefore the former brane 
configuration is preferred. 

Now consider two D5 branes. Again for a generic relative orientation, the rank of Q(lr) 
would be large and the interaction tends to be repulsive. However if they intersect in R 4 
with identical fluxes, then O(lr) has rank 4, and they form again a bound state. This shows 
that intersecting brane configurations are not academic artefacts but preferred bound states. 
Moreover, the NC structures along the space-time IR 4 indeed prefer to (almost) coincide, 
while the attraction is mediated by the flux in the extra dimensions. 

In the case of a D5 brane and a D1 brane, the situation is more complicated. However, 
intersecting configurations should again be preferred, such that the flux cancels along their 
intersection. If the remaining Q(lr) is dominated by two eigenvalues, a bound state should 
form again. However since ®(lr) must have rank 6 in order to have chiral fermions, a more 
complete analysis including e.g. also the Wess-Zumino-type terms would be required. A 
similar discussion applies to the case of two intersecting Dl branes. This shows that the 
configurations of interest here may indeed be natural vacua of the matrix model. 

In configurations with multiple branes, there might be a competition between the at- 
tractive and repulsive interactions between various brane pairs. One may hope that the 
physically relevant brane configurations are favoured in this way, leading possibly even to 
the required negative mass for the physical Higgs (since there are different forces which act 
on the branes). In fact, it is clear from ( 175]) that the 1-loop interactions discussed here are 
indeed due to the various off-diagonal modes which connect the branes. 

Another class of bound states arises if the flux on the common K 4 dominates but is not 
identical for the two branes, so that ©(lr) is dominated by the rank 4 sector along IR 4 . This 
arises for e.g. anti-parallel branes. Such a scenario is interesting because Lorentz-violating 
effects on space-time IR 4 due to ©^ may be averaged out. 

Standard model compactification. Now consider the realization of the standard model 
in section fl~l~l in more detail, with the specific compactification and fluxes as discussed there. 
Consider the intersection of D a with Db, say. The intersection is on a 2-sphere Kp with net 
flux ©intersect ~ Ng — N p = 3. This is much smaller than the individual fluxes ~ N Q ,N^ 
on the two other, (locally) perpendicular spheres K a resp. K^ of the branes. Therefore 
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the character x(®lr) which governs the interaction is dominated by the (difference of the) 
fluxes on K a and K 7 , while the flux from Kp — K'a can be neglected. This means that 
we are indeed in the situation discussed above where the intersecting branes form a bound 
state. The same observation applies to all other pairwise intersections, except between Db 
and D c . Therefore this type of vacuum indeed forms a tightly bound state! 

Of course there will be other configurations which also form bound states, and we 
cannot yet argue that this standard model vacuum is the preferred one. But it certainly 
is a reasonable candidate, and it is very remarkable that we can indeed ask and possibly 
answer such questions in a meaningful way. 

5.2 Kinetic sector 

Finally, we discuss how to evaluate the trace over the kinetic term Tr^(e _aD ). We will only 
consider the case where both branes have a common M.g sector, which commutes with the 
remaining extra-dimensional M 2n . Then 

n = n 4 + n 6 , [D 4 ,D 6 ]=0, (80) 

so that e~ aU = e~ aa4, e~° ij6 . Then the "scalar" wave-functions for \l/± live in 

7-L± = A M i <S> \n a ,n b )(n c \, (81) 

noting that any spin dependence is captured by x( a @)- The trace over the space-time 
modes is easy to carry out, 

tr A (e- an *) = [ - d [ V 2 p- qA nc^ = — (82) 



(2vrAjy 2 



where A N ^ = a/I^I is the scale of noncommutativity on Wq. The off-diagonal oscillator 
modes give the following contribution 



tr(e- aD6 ) = J2 



a(0 a n a +9 b n b +e c n c ) 



e 

n a ,n b ,n c =0 

l + 0(e- a9 ), a^oo 

a~ 3 , a — > 



e~ a0a )(l - e- a(> b)(l - e~ ae -) 



*3) 



if Q a i R has rank 10, and similarly for lower rank. Here 9 = min(#j). Note that the n^ = 
mode corresponds to the localized zero (or almost-zero) modes, while the rii > correspond 
to the excited massive "stretched string" modes. The pole at a = only arises because of 
the infinite sum over the rij. This leads to a UV divergence of the 1-loop effective action 
for rank > 6. However in the (more realistic) case of compactified extra dimensions, e.g. 
on a fuzzy sphere K = Sfj, there are typically only finitely many Kaluza-Klein-like modes 
labeled by n^, and no such UV divergence appears. We therefore assume that the extra 
dimensions are compactified, and replace the rhs of (|83|) by 1 + 0(e~ ae ). Then 

00 do 

x (aQ)(l + h(ae)). (84) 
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Recall also that x( a @) = 0(a A ), therefore the integrals have no UV divergence. However, 
the zero modes lead to a (standard) IR divergence a — > oo. This arises because the fields 
in the off-diagonal terms are charged and therefore contribute in the loop, unlike the block- 
diagonal modes. This may be taken care of by subsequent spontaneous symmetry breaking, 
notably in the standard model. 

In any case, it should be kept in mind that the backgrounds under consideration here 
are somewhat special. More general cases with fluxes on the branes that mix M 4 with the 
extra dimensions will be treated elsewhere, but the qualitative features are expected to 
survive. 

6 Discussion and conclusions 

The main objective of the present paper was to explore the possibility of constructing 
realistic models for particle physics within the type IIB matrix model. 

We first identified solutions of the matrix model corresponding to multiple flat non- 
commutative branes, which moreover intersect with each other. The fermion spectrum of 
the model in such backgrounds was studied in detail. It was shown that chiral fermionic 
zero-modes arise at the intersection of the branes, provided these branes span together the 
full ten-dimensional space IR 10 . 

Having established the existence of chiral modes in the above backgrounds, we initiated 
a search for realistic scenarios in this context. In particular, we presented a brane config- 
uration which provides a realization of the standard model at low energies. It consists of 
four mutually intersecting D7 branes, which accommodate the particles of the SM at their 
intersections. It is worth noting that in the present context, the fact that all the branes are 
D7 is not an arbitrary choice but it is imposed by the requirement of correct embedding 
of the SM. Indeed, had one or more of the four branes been D5 instead, some of the chiral 
particles of the SM would have not appeared in the model. This is a first manifestation of 
the fact that the present framework is more restrictive than similar constructions in string 
theory. Moreover, it comes as a bonus that the model does not contain any exotic chiral 
particles. Furthermore, we should note that in the present model the intersections between 
the D7 branes are six- dimensional, and therefore some compactification is required. Com- 
pactified solutions, such as fuzzy spheres and fuzzy tori, are indeed known to exist in the 
matrix model. We have shown that one can indeed construct a workable model assuming 
that the extra dimensions are compactified. In addition, it turned out that the presence of 
appropriate fluxes in these extra dimensions is necessary in order to obtain the desired SM 
spectrum. It is welcome that these fluxes can also account for the number of generations 
in the SM. 

Clearly, different brane configurations lead to different models. For example, models 
including a right-handed neutrino may be constructed in the matrix model upon the ad- 
dition of a fifth abelian brane, as it was shown in section 14.21 It is worth noting that 
the additional freedom due to the introduction of a fifth brane allows in principle for the 
construction of brane configurations with purely four- dimensional intersections i.e. without 
six-dimensional ones. However, these fail to reproduce the correct SM spectrum without 
additional compactifications and fluxes. Therefore, even in this case D7 brane configura- 
tions are necessary. This is another manifestation of the fact that the present framework 
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is very restrictive. This fact could be considered as an advantage, since it means that 
the matrix model offers less freedom on what can be done and what cannot and therefore 
favours less models than in similar string constructions. 

Another interesting point is that supersymmetry is broken for the configuration consid- 
ered here, due to the fluxes on the intersecting noncommutative branes. The reason is that 
while chiral fermions are protected, the bosonic modes aquire a mass due to the uncertainty 
relations on the NC branes. 

Let us stress that an important feature of the above considerations and models is that 
they also include gravity. Indeed, if the IKKT model describes the type IIB string theory 
in the non-perturbative regime, then its solutions should also capture features associated to 
gravity. Moreover, since F-theory corresponds to type IIB string theory at strong coupling 
[5TJ . the IKKT model should also capture mechanisms associated to F-theory, such as the 
recently conjectured relations with non-commutative geometry J52H51]. 

Finally, the issue of stability of the above configurations was addressed using the one- 
loop effective action. We argued that for certain flux configurations, intersecting branes 
may form a bound state and therefore do not collapse into coinciding branes. This is argued 
to hold for the standard model realization presented in this paper. Therefore the matrix 
model framework allows to address the difficult questions about the vacuum structure and 
its low-energy effective action in a meaningful way. We have demonstrated through an 
explicit construction that the standard model may indeed arise within this framework. 
The phenomenological aspects of this realization should be studied in more detail in future 
work. 
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Appendix 



A Characters 

The character for a representation V of some Lie algebra g is defined as 

X v(H) = tre H , 



15) 



where H G Q (which is often assumed to be in the Cartan subalgebra and thus identified 
with a weight). Characters are very useful objects in group theory, notably because they 
satisfy Xv®w — XvXw- m the present context, we can interpret the term tre aT,ab0 LR as 
character of 5*0(10). 

For a given flux 0^ (e.g. in the semi-classical limit at some point), we can choose a 
basis using a suitable 5*0(10) rotation where 0^. is block-diagonal: 



\ab 
'LR 



0a_ 
r " ~ 



/ o h 

-h o 



V 



\ 



o h 
-h oj 



V 



J6) 



hi<*2, 



In this basis, we can then choose a corresponding fermionic oscillator rep. for the Gamma 
matrices, 



2a { = T 2 i-i - iT 



2i 



la 



t 



2i+l 



+ ^^ 



2% 



{a>i,a+} = 5ij , z = l,2, ...,5, 



ir x r 2 = -2(a{ai - -) , zr 3 r 4 = -2{a\a 2 - -) , etc. 
Ei2= ^[ri,r 2 ] = ~[ai,at} = -(l-2ai"ai) = ~X(i) = ifz etc., 
which act on the spin | irrep. Thus 



17) 



ef R x ab = 5^/i l ® ... ® 03 ® ... ® i, 



X(32)(a& L r) = tr 32 (e ae ^ s ^ ) = (e a/l + e~ ah ) . . . (e Q/s + e~ ah ) = £ e ani/ « 



*9) 



n;=±l 



which acts on C 32 , where the 03 in (1551) is in the i-th tensor slot. The most general state 
for a Dirac fermion ^ can be written as 



*= ^2 ^n 1 ...n 5 \n 1 ...n 5 )?p ni . 

rii=±l 



■n 5 i 



(90) 



where the ket denotes spinor states. It is the sum of both chiral representations, whose 
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character is 

x ( i6, + )(«e L/? )= J2 eanih 

rn=±l,5])ni=5,l,— 3 

= e «(/i+/2+/3+/ 4 +/ 5 ) + e a(/i+/ 2 -/3-/4+/ 5 ) + e <xtfi+h-h-U-h) _|_ (fih+h+h-h-h) 

+ e Q (-/l-/2+/3+/4+/5) + g"(-/l+/2-/3+/4+/5) + e «(-/l+/2+/3-/4+/ 5 ) + gO<(/l+/2+/3+/4-/5) 

+ g«(/l-/2-/3+/4+/ 5 ) _|_ e a(/l-/2+/3-/4+/ 8 ) + g«(/l-/2+/3+/4-/ 5 ) 

_|_ g«(/l -/2-/3-/4-/5) _|_ g«(-/l +/2-/3-/4-/5) _|_ gO!(-/l-/2+/3-/4-/5) 

_|_ gOi(-/l-/2-/3+/4-/5) _|_ ga(-/l-/2-/3-/4+/s) (g^ 

and similarly for X(i 6j _). Notice that tri6,±(e £« E <*<> ) = ^^(e^ ^ 1 ^ ) whenever ©l# 
has rank at most 8, since then both contributions from e ±Q ^ 5 coincide. 

On the vector representation (10), we can use the 10 x 10 matrix (0?£m)<W itself as 

generatocj, i-e. 

'(M) 

This gives 

X(io)(«e LR ) = tr(e Q0 - E - ) ) = V(e 2 ^ + e~ 2 ^) . (93) 



^ := sir° r) ©(L) = (%H)) a& - (92) 



; 



Thus for a general rank 4 flux one finds 

x(a6 LR ) = tr 10 (ae LR ) - hi 32 (ae? R ) - 2 = (e 2a ^ + e~ 2 ^ + e 2 ^ 2 + e" 2 ^ 2 + 6) 
- j8(e afl + e~ ah ){e ah + e~ ah ) - 2 

= ( e a{fl ~ h)/2 - e - Q (/i-/2)/2)2^ ea (/ 1+ / 2 )/2 _ e _ a (/i+/ 2 )/2x2 

> , (94) 

which is positive definite, and vanishes precisely for (anti-) self-dual 4-dimensional fluxes 
Qlr- This is consistent with previous results. 

For a 6- and higher- dimensional flux, x can have either sign. Let 

Ai = {e ah + e- ah ) = 2 cosh(afi) > 2. (95) 

Clearly x{®lr) is a totally symmetric polynomial in the A4. More precisely, 

X&lr) = (Al + A\ + A\ - 2) - A X A 2 A 3 - 2, rank B LR = 6, 

X&lr) = {Al + A 2 2 + Al + Al - 6) - -AtAzAsA* - 2, rank 6 LR = 8. 

Clearly if there are two dominating eigenvalues f\ )2 and the remaining |/j| are much smaller, 
then x ~ xilii fi) > 0. However, they become negative if three of more eigenvalues become 
comparable 19 !. Indeed for coinciding eigenvalues A ~ A in the rank 6 case, 



X 



(3) « x (3) (^) = 3A 2 -A 3 -A = -(-2 + A) 2 (l + A) < 0. (96) 



18 for general signature one should replace (@(lr)$) with (&(lr)V)- However only the Euclidean directions 
will be relevant below, thus we will ignore this distinction. 

19 note that for given Ai > 2, the sum A 2 + A 2 , is minimized for fixed A; A, if and only if Ai = Aj. 
Therefore x{®lr) takes its minimum for given product of the Ai if and only if all Ai coincide. 
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Similarly for the rank 8 case, 

X (4) « X (A \A) = 4A 2 - l -A* - 8 = -i(-4 + A 2 ) 2 < 0, (97) 

which become negative since the fermionic sector dominates. The rank 10 case is more 
complicated since we need to distinguish between the chiralities, but clearly again either 
sign can arise. 

B Super symmetry and the zero-modes 

Supersymmetric quantum mechanics The oscillator approach, which was used in 
section 3 to describe the quantum planes, naturally leads to algebraic structures which are 
well-known from Quantum Mechanics (QM). In particular, it will be shown here that there 
is a natural realization of a supersymmetry algebra, in analogy to supersymmetric QM (for 
an excellent review see [IB]; see also chapter 3 of [17]). In fact supersymmetry provides an 
alternative framework to study the existence of fermionic zero-modes due to its well-known 
relation to the index theorem [45I450] . 

A supersymmetric quantum mechanical system consists of a Hilbert space "H, which 
separates into two subspaces "H^ and "H/, associated with bosonic, say \b), and fermionic, 
say |/), states respectively. On this Hilbert space there is an action of the operators 
H, the Hamiltonian, and Q\Q^,i = 1,...N, the supercharges, satisfying the following 
supersymmetry algebr ^ 2 ' ' 



{Q\Q Jj } 


= 2S ij H. 


[Q\H] = [Q^,H] 


= o, 


(Q 1 ) 2 = {Q l] f 


= 0. 



(98) 

Moreover, the fermion number operator or Witten index (— 1) F , characterizing the spin- 
statistical nature of each quantum state, may be defined. This operator anticommutes with 
the supercharges. Finally, using the supercharges defined above, one may define Hermitian 
supercharges Q l H as 

Q* H = -L(Q* + Q^. (99) 

In QM, the algebraic method amounts to the consideration of creation and annihilation 
operators. For a (one-dimensional) bosonic set of states the relevant operators are a = x+ip, 
a* — x — ip, which satisfy the commutation relations [a,a^] = 1, [a, a] = [a^a^] = 0. 
Similarly, a fermionic set of states may be described using operators a, o^ satisfying the 
anticommutation relations {a,o^} = 1, {a, a} = {a"'", a"!"} = 0. 

According to the above, a supersymmetric QM system in one dimension may be associ- 
ated with two sets of operators, a, a^ and a, a^ with the above properties. The Hamiltonian 
of the combined system is given by 

H = H b + H f = n a + n a , (100) 
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This is the sZ(l/l) superalgebra. 
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where h a = a)a and h a = a) a are number operators, and it acts on a Hilbert space of 
quantum states of the form 

\b)®\f) eH = H b ®H f . (101) 

The supercharges may in turn be defined as 

Q = v^a+a, Q 1 " = V2aa\ (102) 

while the Hermitian one takes the form 

Qh = o^ot + aot^ . (103) 

Then it is rather straightforward to show that the square of the Hermitian supercharge is 
equal to the Hamiltonian of the system, 

Q H = H. (104) 

The simplest quantum mechanical system exhibiting the above algebraic structure is that 
of a charged particle moving on a two-dimensional plane under the influence of a constant 
magnetic field B = Bz perpendicular to it. In that case the Hamiltonian of the system is 
given by 

H = H b + H f = fvjj B {a ] a + a ] a) (105) 

where the bosonic part is given by 

ttI + it 2 x 1 

Hb = ^ v - = hio B (a^a + -), (106) 

2m 2 

where 7ii,i = x,y are the canonical momenta, while the fermionic part is 

H f = -fi-B = ftw B {a 1 a--), (107) 

reflecting the coupling of the particle's magnetic moment to the magnetic field. 

Supersymmetry and the quantum planes. In our framework we do not deal with 
QM but rather with quantum spacetime, with commutation relations of the form 

[X a ,X b }=id ab . (108) 

Therefore, the operators a, a) etc. in our case are not combinations of positions and mo- 
menta; they strictly combine positions, as in ( 138]) . However, although the physical inter- 
pretation is different, the mathematical similarity may be exploited further. 

Consider the two-dimensional Moyal-Weyl quantum plane M? e given by (jl08p with a,b = 
1,2. Then in complete analogy with the previous paragraph, let us define the operators 

a = X 1 + iX 2 , a ] =X 1 -iX 2 , (109) 

as well as the anticommuting operators a, a^ as above. These operators satisfy all the 
properties of the previous paragraph. Moreover, they may be used to define the Hamiltonian 
H, as well as the supercharges Q, Q\ Qh exactly as before. Therefore, considering a Hilbert 
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space of bosonic and fermionic quantum states on the M.g, we end up with a system which 
is formally the same as the supersymmetric QM ones. 

Going one step further, let us consider again the two perpendicular quantum planes 
1R4 5 fl Mg 7 , as in section 3. There we introduced two sets of bosonic oscillators for the 
"bosons", namely a, a', b, W and two fermionic ones for the "fermions", namely a, a', (3, /3'. 
Let us now show how to realize the supersymmetry algebra (1981) . The supercharges are 
given by the following operators, 

(110) 

. . .„ . (Ill) 

Defining 

(112) 
(113) 

it is easy to check that the above operators indeed satisfy the properties of the algebra ([95]) 
for N — 1, with Hamiltonian 

H = h a + h b + h a + hp. (114) 

Let us note that H indeed deserves to be called the Hamiltonian of the system for one more 
reason apart from being the sum of the occupation numbers of a system of two fermionic 
and two bosonic oscillators. In (041), we observe that 



Q(i) 


= V2aa\ Q ] {1) = V2a ] a 


Q(2) 


= V20, Q\ 2) = V2^b. 




Q = Q(i) + Q(2), 




Q = ^5(1) ' ^(2)' 



E = JJ)\ (115) 

as expected. Therefore the Hamiltonian is equal to the square of the Dirac operator on the 
quantum planes. This will be very important in the following discussion concerning the 
fermionic zero-modes. 

Fermionic zero-modes. Let us finally discuss the relation between the supersymmetric 
formulation of the previous paragraphs and the existence of fermionic zero-modes on the 
intersecting solutions of the matrix model. 

In the above discussion of supersymmetric QM, the operator (— 1) F was introduced. 
The importance of this operator lies in the fact that its trace is in fact topologically stable 
and it corresponds to the mathematical concept of the index of an elliptic operator. Indeed, 
as it was shown in J48J, the following relations hold, 

Tr(-1) F = n° b - n° f = index(0), (116) 

where n° and rA denote the zero-energy bosonic and fermionic modes respectively, while 
Ip is the Dirac operator of the system, which is in fact equal to the Hermitian supercharge, 
i.e. 

JJ) = Qh- (117) 

The most important property of the operator Tr(— 1) F is that when it is not zero, super- 
symmetry is not spontaneously broken. 
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The relevance of the above to our discussion comes along with the formulational co- 
incidence between supersymmetric QM and the oscillator representation for the quantum 
planes. Indeed, in the case of two intersecting quantum planes studied in section 3.2.1, we 
have determined the Dirac operator for the off-diagonal spinors. It is given by eq. ()43p . 
Moreover, in eq. (jHJ appears the square of the Dirac operator. In the present formulation, 
these equations may be rewritten as 



$^{ab) = (Q H (l)-Q H (2))^(ab) 



■4(Q(D + Q(i))*(«6) - -4(Q(2> + QU)^(ab) (us) 



and 

$6*(a6) = \(Q(1) + Q\ 1) )\ab) + \{Q { 2) + Q\ 2) ) 2 ^ { a b) ■ (119) 

Therefore the presence of zero-modes is equivalent to the conditions 

QH(l)*(a6) = 0, (120) 

QH{2)^(ab) = 0, (121) 

which directly imply the result appearing in eq. (|46[) . In that case, we observe that 
supersymmetry is not spontaneously broken. Indeed, in the present case it holds that 
n° = 0, while n * 7^ and therefore Tr(— 1) F 7^ 0. An alternative way to see this is 
through the vacuum energy of the system. As long as the conditions (I120p and (I12ip hold 
and since the Hermitian supercharge is related to the Hamiltonian of the system as in 
(11041) . it follows that the vacuum energy vanishes. This directly implies the presence of 
supersymmetry, the vacuum energy being the order parameter for (global) supersymmetry 
breaking. Of course, this quantum mechanical supersymmetry has nothing to do with the 
space-time supersymmetry on M 4 . 

Evidently, the above discussion can be straightforwardly generalized for any other sys- 
tem of intersecting quantum planes, i.e. for more than two quantum planes or for higher- 
dimensional ones. The results are then qualitatively the same as the ones presented here. 
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